We use overlap fermions as valence quarks to calculate meson masses in a wide quark mass range on the 2 + 1-flavor domain-wall fermion gauge configurations generated by the RBC and UKQCD Collaborations. The well-defined quark masses in the overlap fermion formalism and the clear valence quark mass dependence of meson masses observed from the calculation facilitate a direct derivation of physical current quark masses through a global fit to the lattice data, which incorporates O(a 2 ) correction, chiral extrapolation, and quark mass interpolation. Using the physical masses of Ds, D * s and J/ψ as inputs, Sommer's scale parameter r0 and the masses of charm quark and strange quark in the MS scheme are determined to be r0 = 0.458(11) (8) (6)(8) GeV, respectively. Furthermore, we observe that the mass difference of the vector meson and the pseudoscalar meson with the same valence quark contents is proportional to the reciprocal of the square root of the valence quark masses. The hyperfine splitting of charmonium, M J/ψ − Mη c , is determined to be 112(5)(3) MeV, which is in good agreement with the experimental value. We also predict the decay constant of Ds to be fD s = 256(5)(2) MeV. The masses of charmonium P -wave states χc0, χc1 and hc are also in good agreement with experiments.
I. INTRODUCTION
A large endeavor has been devoted by lattice QCD to determine the quark masses which are of great importance for precision tests of the Standard Model of particle physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In the lattice QCD formulation, quark masses are dimensionless bare parameters and their renormalized values at a certain scale should be determined through physical inputs. For the light u, d quarks and the strange quark, their masses are usually set by the physical pion and kaon masses as well as the decay constants f π and f K , where the chiral extrapolation is carried out through chiral perturbation theory [1] [2] [3] . For heavy quarks, the bare quark masses are first set in the vicinity of the physical region and the physical point can be interpolated or extrapolated through the quark mass dependence observed empirically from the simulation. In the above procedures, non-perturbative quark mass renormalization is usually required to match the bare quark mass to the renormalized one at a fixed scale. For the heavy quark, the HPQCD collaboration [5] proposed a promising scheme to obtain their masses from current-current correlators of heavy quarkonium, which is free of the quark mass renormalization [7] .
In this work we propose a global-fit strategy to determine the strange and charm quark masses which incorporates simultaneously the O(a 2 ) correction, the chiral extrapolation, and the strange/charm quark interpolation. The lattice setup is a mixed action formalism where we use the overlap fermions as valence quarks and carry out the calculation on the domain-wall gauge configurations generated by the RBC and UKQCD Collaborations. Both the domain-wall fermion (DWF) and the overlap fermion are chiral fermions; as such, they do not have O(a) errors for the valence quark masses, and the additive renormalization for them is also negligible (10 −9 ) due to the overlap fermion implementation. It is also shown that the nonperturbative renormalization via chiral Ward identities or the regularization independent/momentum subtraction (RI/MOM) scheme can be implemented relatively easily. We have explored this strategy and found that that it is feasible for the valence masses reaching even the charm quark region on the set of DWF configurations that we work on. The RBC and UKQCD Collaborations have simulated 2+1 flavor full QCD with dynamical domain-wall fermion (DWF) on several lattices in the last decade with pion masses as low as ∼ 300 MeV and volumes large enough for mesons (m π L > 4) [2, 9, 11] . It turns out that the fermions in this formalism with a finite fifth dimension L s satisfy the Ginsparg-Wilson relation reasonably well and the chiral symmetry breaking effects can be absorbed in the small residual masses. As for the overlap fermion, its multi-mass algorithm permits calculation of multiple quark propagators covering the range from very light quarks to the charm quark. This makes it possible to study the properties of charmonium and charmed mesons using the same fermion formulation for the charm and light quarks. Having multiple masses helps in determining the functional forms for the quark mass dependence of the observables. In practice, we calculate the masses of charmonia and charm-strange mesons with the charm and strange quark mass varying in a range, through which a clear observation of the valence quark mass dependence of meson masses can be obtained. Similar calculations are carried out on six configuration ensembles and the results are treated as a total data set for the global fit as mentioned above. It should be noted that the quark masses in the global fit are matched to the renormalized quark masses at 2 GeV in the minimal-subtraction scheme (MS scheme) by the quark mass renormalization constant Z m calculated in Ref. [14] . In order to convert the quantities on the lattice to the values in physical units, we take the following prescription. First, the ratio of the Sommer scale parameter r 0 to the lattice spacing a, namely r 0 /a, is measured precisely from each gauge ensemble. Subsequently, r 0 /a's in the chiral limit are used to replace the explicit finite-a dependence. Instead of determining the exact value of r 0 by a specific physical quantity, we treat it as an unknown parameter and determine it along with the quark masses through the global fit with physical inputs.
One of our major observations is that the masses of the pseudoscalar and the vector mesons have clear contributions from the term proportional to the reciprocal of the square-root of the valence quark masses, as predicted by a study based on a potential model of the quarkonium where this kind of contribution is attributed to the spinspin contact interaction of the valence quarks [15] . This is also in quantitative agreement with the feature of the meson spectrum from experiments. After incorporating this kind of mass dependence to the global fit, the experimental value of the hyperfine splitting of the 1S charmonium, the mass difference of J/ψ and η c , can be well reproduced after the charm quark mass, the strange quark mass, and r 0 at the physical point are determined by using J/ψ, D * s and D s masses as input. We also extract the decay constant f Ds of the D s meson both from the partially conserved axial current relation and the direct definition of f Ds along with the renormalization constant Z A of the axial vector current. The two derivations give consistent results which are also in agreement with the experimental value within errors. The masses of charmonium P -wave states χ c0 , χ c1 and h c are also predicted and they are in good agreement with experiments.
This work is organized as follows. We give a detailed description of our numerical study in Section II, where we focus on the derivation of r 0 /a and its chiral extrapolation, the quark mass renormalization, and the investigation of the valence quark mass dependence of mesons, particularly the hyperfine splitting. The global fit details and the major results on quark masses and f Ds are given in Section III, where a thorough discussion of the statistical and systematic errors is also presented. The summary and the conclusions are presented in Section IV.
II. NUMERICAL DETAILS
Our calculation is carried out on the 2 + 1 flavor domain wall fermion configurations generated by the RBC/UKQCD Collaborations [19] . We use two lattice setups, namely, the L 3 × T = 24 3 × 64 lattice at β = 2.13 and the 32 3 × 64 lattice with β = 2.25. For the β = 2.13 lattice, the mass parameter of the strange sea quark is set to m l a = 0.005, 0.01, and 0.02, which give three different gauge ensembles. However, it is found that the physical strange quark mass parameter is actually m (s) s a = 0.0348 [19] as determined by the physical Ω baryon mass, this discrepancy has been corrected by the corresponding reweighting factors. Similarly, the m s a for β = 2.25 is found to be 0.0273 [19] . Since the physical values of the sea quark masses are not the same on the two sets of configuration with different β, we shall assess its systematic error by introducing a linearly m (s) s dependent term in the global fitting formula and observe the effects when the sea strange mass is shifted to the physical values determined by global fitting itself. On the other hand, the explicit chiral symmetry breaking of the domain wall fermions gives rise to the residual mass m res a for the sea quarks which has been studied by RBC and UKQCD [19] . These corrections to the light sea quark masses are taken into account for the chiral limit. The parameters of the six gauge ensembles involved in this work are listed in Table I , and the numbers of configurations we used are listed in Table II. We use the overlap fermion action for the valence quarks to perform a mixed-action study in this work. The massless overlap fermion operator D ov is defined as
where (H W (ρ)) is the sign function of the Hermitian matrix 
where ma is the bare mass of the fermion. From the Ginsparg-Wilson relation {γ 5 , D ov } = ρaD ov γ 5 D ov , one can check the relation {γ 5 , D c (0)} = 0 [18] , which implies that the mass term ma in Eq. (2) acts the same way as an additive term to the chirally-invariant Dirac operator in the continuum Dirac operator and thus there is no additive mass renormalization. On the other hand, in order for the chiral fermion to exist, ρ should take a value in the range 0 < ρ < 2, so we take the optimal value ρ = 1.5 which gives the smallest (ma) 2 error in the hyperfine splitting and the fastest production of D −1 c (ma) [24] . Through the multi-mass algorithm, quark propagators D −1 c (ma) for two dozen different valence quark masses ma have been calculated in the same inversion, such that we can calculate the physical quantities at each valence quark mass and obtain clear observation of the quark mass dependence of these quantities.
A. The ratio of the Sommer scale and the lattice spacing
The unique dimensionful parameter in the lattice formulation of QCD is the lattice spacing a, which is usually determined through a sophisticated scheme. Although dimensionful quantities, such as f π , f K , and hadron masses have been used to determine the lattice spacing, the lattice results need to be extrapolated to the continuum limit and physical pion mass in order for the experimental values to be used as inputs for such a determination. In contrast to the hadronic quantities which have explicit dependence of quark masses, the Sommer parameter, r 0 (or r 1 ), which is relatively easy to calculate, has been used to set the scale. Still, it needs to be determined precisely at the chiral and continuum limits. We shall use r 0 to set the scale in this work. r 0 is defined by the relation [20] ,
where V (r) is the static potential in the heavy quark limit (r 1 is defined similarly with 1.65 replaced by 1 [21] ). Practically in each gauge ensemble, V (r) can be derived from the precise measurement of Wilson loops W (r, t) with different spatial and temporal extensions (r, t) as
Fig . 1 shows the effective plateaus of V (r) at r/a = 2.828 with respect to t/a . One can see the measurements are very precise and the plateaus last long enough (from 8 to 15 approximatively) for a precise determination of r 0 /a. V (r) is usually parametrized in the Cornell potential form,
where σ is the string tension. Considering the lattice spacing a explicitly, the potential one measures on the lattice is actually
and the aV 0 , e c , and σa 2 can be obtained from a correlated minimal-χ 2 curve fitting to W (r, t) 's through Eq. (6). For each gauge ensemble, one can find the ratio
using Eq. (3). Table III lists the calculated r 0 /a's for the six ensembles we are using. Note that the sea quark masses (both light and strange) are bare quark masses of the domain wall fermion, the physical ones should include the residual masses (0.00315(4) and 0.00067(1) for the two lattices respectively [19] ) and the mass renormalization factor (1.578(2) and 1.527(6) correspondingly [19] ) in the M S scheme at 2 GeV, i.e. The r 0 dependence on the lattice spacing a and the sea quark mass up to O(a 2 ) can be expressed as [11, 22] 
). (9) Note that the sea quark masses m l and m s should take the renormalized mass values at an energy scale in Eq. (9) in order for the c, d coefficients in the equation to be free of the a-dependence. For the ensembles with the same β, the behavior of r 0 /a with respect to the light sea quark mass m
l a is shown in Fig. 2 , where the square points are for the coarse lattice β = 2.13 (24 3 × 64 lattices), and the circular points are for the fine lattice β = 2.25 (32 3 × 64 lattices). The data points can be well described by a linear fit in m R l a for both lattices, i.e.
(10) The extrapolated values
are also listed in Tab. III with m phys l = 3.408(48)MeV coming from the lattice average. Through such a fit, we get f (l) (a) = 6.08(44) for β = 2.13 and f (l) (a) = 6.19(36) for β = 2.25, which are independent of the lattice spacing within errors. This implies that the coefficient c (l) is very small and is consistent with zero. The strange sea quark mass has been tuned to be close to the physical point, so we ignore the strange sea quark mass dependence and treat the effect due to deviation from the physical point as a source of the systematic uncertainty. In view of the above discussion, we shall consider the following fitting form
. (12) B. Quark mass renormalization
In lattice QCD, the bare quark masses are input parameters in lattice units, say, m q a. However in the global fit including the continuum extrapolation to be discussed later, m q a has to be converted to the renormalized current quark mass m R q (µ) at a fixed scale µ and a fixed scheme (usually M S) which appears uniformly in the global fitting formulas for different lattice spacings. This requires the renormalization constant Z m of the quark mass for a fixed lattice spacing a to be settled beforehand.
When we use the chirally regulated fieldψ = (1 − 1 2 D ov )ψ in the definition of the interpolation fields and currents for the overlap fermion, the renormalization constants of scalar (Z S ), pseudoscalar (Z P ), vector (Z V ), and axial vector (Z A ) currents obey the relations Z S = Z P and Z V = Z A due to the chiral symmetry. In addition, Z m can be derived from Z S by the relation
S . In Ref. [14] , the RI-MOM scheme is adopted to do the non-perturbative renormalization on the lattice to obtain the renormalization constants under that schem; those values are then converted from there RI-MOM scheme to the MS scheme using ratios from continuum perturbation theory. The relations between Z's mentioned above are verified, and the renormalization constants obtained are listed in Table. IV. Besides the statistical error, systematic errors including those from the scheme matching and the running of quark masses in the MS scheme are also considered in Ref. [14] . The systematic error from the running quark mass in the MS scheme is negligibly small, while the one from scheme matching is at four loops, and has a size of about 1.4%. The errors of Z MS S (2 GeV) quoted above include both the statistical and systematic ones. A systematic discussion on the renormalization of overlap fermion on domain wall fermion sea is given in Ref. [14] . With the above prescriptions, we can replace the renormalized quark masses and a by the bare quark mass parameters m q a, r 0 , Z m (2 GeV, a) and C(a) defined in Eq. (11) as
In this way r 0 enters into the global fitting formula to be discussed in Sec. II C as a new parameter and can be fitted simultaneously with other parameters in the fitting formulas.
If we suppose the quark mass and lattice spacing dependence of a given meson mass M is:
. (14) with P being a constant close to unity, its renormalized quark mass dependence, up to a 2 , is
Since the discretization errors in Z −1 m in ensembles with two lattice spacing (named as a 1 and a 2 ) are different, an m R q a 2 term appears with a coefficient
So the discretization errors of the renormalization constant Z m could induce an extra ma 2 term on the quark mass dependence of a given meson mass. Note that the lattice spacings used in Ref. [14] ) is slightly different from the one that will be obtain in this paper, and it could be considered as another source of the ma 2 dependence.
C. The quark mass dependence of meson masses
Since we are using the overlap fermion action for valence quarks, we can take advantage of the multi-mass algorithm with little computation overhead to calculate the valence quark propagators for dozens of different quark masses ma in the same inversion. Subsequently, multiple quantities can be calculated at these valence quark masses, such that their quark mass dependence can be clearly observed. Because we have not determined the concrete values of lattice spacings yet, we first estimate the meson masses in the strange and the charm quark mass regions using the approximate values a −1 ∼ 1.75 GeV for β = 2.13 and a −1 ∼ 2.30 GeV for β = 2.25 as determined by RBC and UKQCD [19] where both the sea and valence quarks are domain-wall fermions. We obtain the masses of the pseudoscalar and vector mesons for different valence quark masses through the relevant two-point functions which are calculated with the Z 3 grid source to increase statistics [24] . The physical strange quark mass is estimated to be around m s a = 0.06 for β = 2.13 and m s a = 0.04 for β = 2.25, thus we choose the m s a region to be m s a ∈ [0.0576, 0.077] and m s a ∈ [0.039, 0.047] for the two lattices, respectively. We cover a wider range for the charm quark mass, i.e. [0.29, 0.60] and [0.38, 0.57] for the two lattices to study the charmonium and charm-strange mesons. The concrete strange and charm quark mass parameters in this work are listed in Table V .
The usual generic formula of the charm quark mass dependence of the physical observables for the charmonium 
where m c , m s , m l are the current quark masses in the continuum QCD Lagrangian, which can be defined at an energy scale through a renormalization scheme and are independent of the lattice spacing a, and M (m c , m s , m l ) is the theoretical function for the quantity M , which is better known for light quarks with the help of chiral perturbation theory. For charmonium and charmstrange mesons, the functional form is not well-known but can be investigated empirically from the lattice calculation. The polynomials with respect to m c a in the bracket take into account the lattice artifacts of the lattice quark actions. Since we use chiral fermion actions both for the sea quarks (domain wall fermions) and the valence quarks (overlap fermions), chiral symmetry guarantees that they are automatically improved to O(a 2 ) and higher order artifacts due to the heavy quark are even powers of m c a [26] . There should be also similar terms for m l and m s , but they are much smaller in comparison with that of m c and can be neglected. Also included in Eq. (17) is the explicit artifact in terms of a 2 which comes from the lattice gauge action and other source of a-dependence.
For each of the six gauge ensembles, we calculate the masses of the pseudoscalar and the vector mesons of the cs and cc, with the strange and charm quark taking all the possible values in Table V . It should be noted that for the charmonium states, the working valence charm quark masses in the calculation do not reach the physical region for the β = 2.13 lattice. As can be seen in Fig. 5 , the plateau of the case with the quark mass in lattice units larger than 0.7 is not reliable. This could be due to the lack of precision in the simulation (10 −10 for the residual of the inversion in the present calculation). We have used two-term fitting to account for the effect of the excited state; but for safety, we only use the data points with the quark mass in lattice units not larger than 0.6, and do extrapolation in the three ensembles with β = 2.13 instead of interpolation to the physical charm quark mass. In the case of the β = 2.25 ensembles, standard interpolation of the physical charm quark is applied, since the physical m c a is around 0.5 and less than 0.57.
Obviously, for each meson, the mass points obtained from the ensembles with different lattice spacings do not fall on the same curve. The discrepancy is attributable to the finite a 2 error as ascribed by the C 1 a 2 term in Eq. (17) .
Based on the above observations, we assume tentatively linear dependence dominance of meson masses on the quark masses. In other words, the M (m c , m s , m l ) in Eq. (17) where the coefficients A i can be different for different mesons, but are independent of the lattice spacing and quark masses, since m c , m s , m l here are renormalized quark masses. As we see in Fig. 6 , the quark mass dependence of the pseudoscalar meson for the two lattices are mostly linear, but the slopes are different. As we discussed in Eq. (14) (15) (16) , it could be due to the discretization errors of the renormalization constant Z m , or other possible sources. Taking this artifact into account, one needs to multiply a factor 1 + O(a 2 ) to Eq. (18)
However, this does not complete the investigation of the valence quark mass dependence of the meson masses. For example, if we apply the functional form above in the fit of the mass of D s , the χ 2 /d.o.f. will be 4.6, much larger then unity.
The reason is simple. Given the linear behavior described above, it would be expected that the mass difference of the vector and the pseudoscalar mesons with the same flavor content is also proportional to the valence quark mass. But the experimental results give a different story, for example,
do not have a linear dependence in the sum of their constituent quark masses.
This motivates us to explore the subtle aspect of the quark mass dependence of the hyperfine splitting with a closer view. In the following section, we will see that including this effect reduces the χ 2 /d.o.f. from 4.6 mentioned above to 1.0.
D. Hyperfine splitting
In the constituent quark potential model, the vector meson and the pseudoscalar mason are depicted as 1 3 S 1 and 1 1 S 0 states, respectively, and their mass difference is called the hyperfine splitting ∆ HFS which comes from the spin-spin contact interaction of the valence quark and antiquark. A preliminary study on the behavior of ∆ HFS with respect to the quark mass m q on the lattice has been performed in Ref. [24, 27] , where one finds that ∆ HFS ∝ 1/ √ m q describes the data surprisingly well for m q ranging from the charm quark mass region down to almost the chiral region. (See Fig. 4 and Fig. 5 in Ref. [24] .) For the heavy quarkonium, this behavior can be understood qualitatively as follows. In the quark potential model, the perturbative spin-spin interaction gives
where m Q is the mass of the heavy quark, s 1,2 are the spin operators of the heavy quark and antiquark, and Ψ(0) is the vector meson wave function at the origin. In view of the fact that charmonium and bottomonium have almost the same 2S − 1S and 1P − 1S mass splittings (N.B. this equal spacing rule extends to light mesons as well, albeit qualitatively) it is argued [15] that the size of the heavy quarkonium should scale as
in the framework of the nonrelativistic Schrödinger equation. This prediction is checked against the leptonic decay widths and the fine and hyperfine splittings [15] of charmonium and upsilon and it holds quite well. Since Ψ(0) scales as (r QQ ) −3/2 , one finds from Eqs. (20) and (21) that
Even though the above argument is for heavy quarkonium, it is interesting to see how far down in quark mass it is applicable with a slight modification. In the present study, we also check the quark mass dependence of ∆ HFS for the light-light, charm-light, strange-light, and charm-strange systems. For clarity of illustration, ∆ Figure 7 , where one can see that all the data fall surprisingly well on the same curve within one sigma. This suggests the following functional form
We performed a fit in the range m Fig. 8 is similar to Fig. 7 , but the data points are the experimental values from the review of the Particle Data Group in 2014 [25] . The red curve is the same function in Eq. (23) and the parameters we get here are close to the one from the simulation. Except for B meson and bottomonium cases, other points all fall on the curve.
Note that we use a single lattice to do the fitting to illustrate the behavior of the HFS as a function of the quark mass in order to justify the functional form for the global fit. Finally, the global fit formula for the meson system is
where δm is a constant parameter and the term A 5 m R l is introduced for the light sea quark mass dependence of ∆ HFS . In the mass range this work focuses on, the result is not sensitive to the value of δm; we fixed it to 70 MeV in the Fig. 7-8 . Note that A 2 is set to zero for the charm quark-antiquark system, and A 1 is expected to be close to 1 (or 2) for the meson masses ofcs(cc) system. We keep the m R c a correction to the fourth order, which turns out to be enough in the practical study.
In view of the observation from Fig. 7 and Fig. 8 that the hyperfine splitting is primarily determined by the square root term, one expects that the parameters A 0 , A 1 , A 2 and A 3 of the corresponding pseudoscalar and vector meson masses to be the same within errors.
III. THE GLOBAL FIT AND RESULTS
Actually the meson masses measured from lattice QCD simulations are dimensionless values. Since we will be determining the lattice spacing in a global fit, the fit formula in Eq. (24) cannot be used directly. Instead, we shall multiply the lattice spacing a to both sides of Eq. (24) and modify the expression to
We have kept the M a and m 
We see that they depend on the renormalized charm and strange quark masses m c and m s , and the scale parameter r 0 in the continuum limit. Note that the quark masses here are the ones renormalized under given scheme at given scale, specifically M S(2GeV ) in our case. We ignore the experimental uncertainties of these values.
The use of the J/ψ mass instead of the η c mass as one input is based on two considerations. First, the experimental η c mass is not as precisely determined as that for J/ψ. On the other hand, the omission of the annihilation in the calculation of charmonium masses necessarily introduces systematic uncertainties. This kind of uncertainty is expected to be smaller for J/ψ than for η c [41] .
We list in Table VI So for the splitting ∆ HFS,cs , these corresponding coefficients should be, and are, consistent with zero. To obtain results with higher precision we thus force these coefficients to be zero in our "optimal" fit for ∆ HFS,cs . In the last two rows of Table VI , we show that both the default fit with all the parameters (defined in Eq. (24) as deduced from the combined parameters defined in Eq. (25) by using r 0 to be determined in the following section) and the optimal fit excluding the constant term and linear-quarkmass-dependence terms (thus keeping only the 1/ √ m q term and its O(a 2 ) corrections) are consistent, but the parameters we obtain from the latter one have higher precision. So compared with using M D * s as input, replacing it with the splitting M D * s − M Ds gives more precise results for the predictions of the charm/strange quark mass and r 0 . For the same reason, we discuss the splitting ∆ HFS,cc ≡ M J/ψ − M ηc instead of M ηc itself.
A. Systematic errors
In Table VII we list both statistical and systematic errors. For the statistical error we use the jackknife error of the global fit. Since we apply a global fit for data in all of six ensembles (two lattice spacings with three sea masses each), the errors from linear O(a 2 ) correction and chiral extrapolation have been included in the statistical error.
For the systematic errors, we consider those concerning r 0 and those of Z m (a).
1. Since the r 0 is the scale we want to determine in the global fit, we need to consider only two systematic errors: one from the statistical error of C(a) = r 0 (a)/a, and the other from the non-zero a 2 dependence of r 0 (a).
• Our global fits use the central values for C(a).
The effect of the statistical errors of C(a) for each value of a used in the fit is incorporated into a systematic error as follows: For each lattice spacing, we repeat the global fit with the value of C(a) changed by 1σ and calculate the resulting difference for each quantity of interest, namely r 0 , m s and m c , and then combine in quadrature the differences for each lattice spacing.
• For simplicity, we constrain the fit parameter r 0 (a) at the physical point to be constant as a function of the lattice spacing in the global fits. But in principle there could be an adependence, with non-zero c a 1 in Eq. (12) . In the work of RBC-UKQCD [19] , their fit gives c a 1 = −0.25 (14) . For such small c a 1 , the χ 2 of the fit is almost unchanged: repeating the fit with c a 1 = ±0.25 changes the χ 2 per degree of freedom by 0.15%. For each quantity of interest, the change in its fit value is reported as a small systematic error in Table VII . Had this been larger, it would have been incorporated into a statistical error instead, using c a 1 as a fit parameter, but this was determined to be unnecessary a posteriori. . (24) ) for MD s , MD * s and ∆HFS,cs ≡ MD * s − MD s . We list both the "default fit" (keeping every parameter, listed as the first line of each channel) and the "optimal" case (dropping the parameters which are consistent with zero, listed as the second line of each channel). The χ 2 /d.o.f of two cases are close, while the parameters from the optimal case have higher precision. A0  A1  A2  A3  A4  A5  B0  B1  B2  C1 • One is from the statistical errors of Z m (a). We follow the same procedure as the case of the statistical errors of C(a) to estimate the resulting effect on the quantities of interest: namely, for each lattice spacing we redo the fit with the value of Z m (a) changed by 1σ, and then combine in quadrature the differences. For the strange and charm quark masses, this is the largest of the four systematic errors we tabulate. A lot of this is due to the magnification of the statistical errors of Z m (a), which are independent at the two lattice spacings, upon extrapolation in lattice spacing.
• On the other hand, the systematic errors of the perturbative matching from RI/MOM to the M S scheme, and the running of the mass renormalization factor to the scale of 2 GeV in M S scheme, are independent of lattice spacing and are totally the same for any simulation at any lattice spacing. Furthermore, since the physical quantities like meson mass or decay constant are independent of renormalization scheme or energy scale, this systematic error will not contribute to those quantities, only to the quark masses. For the quark masses, the systematic errors are independent of simulation and so are not magnified by linear extrapolation in lattice spacing. These then, are expected to be very small, which is what we see.
3. Since the strange quark mass used in the Domain wall configurations (∼120 MeV for the β = 2.13 ensembles and ∼110 MeV for the β = 2.25 ensembles) are not equal to the physical strange quark mass, systematic error is induced.
In Ref. [19] , the reweighting of the strange quark mass is used to correct the values obtained from the original samples. In view of the fact that the strange sea quark mass has different values in the two sets of the ensembles with different lattice spacing, it provides another way to estimate the systematic error from the mismatch of the strange sea quark mass.
We can add the strange sea quark mass dependence terms into the functional form in Eq. (24) with coefficients A 6 and A 7 ,
Since the form of the dependence of the lattice spacing and the strange sea quark mass are different, it is possible to distinguish them in the global fit. After we obtain the coefficients, the condition m R s = m R s,sea is applied to predict the Sommer scale r 0 , the quark masses, and the other quantities. The χ 2 of the fit with the strange sea quark mass extrapolation is almost the same as the one in the default case without such an extrapolation (1.06 vs 1.07), and the values of each quantity of interest in two ways of fit are consistent within error. We use the resulting difference of each quality of interest as the estimate of this systematic error. Table VII. In Fig. 9(a) , we plot our results of m M S s (2 GeV) to compare with the 2+1 flavor ones listed in lattice averages, and another recent lattice candidate [12] . The error in the plot includes both statistical and systematic errors. Since we determine the strange quark mass by thē cs spectrum in which the strange quark mass only has a minor contribution, our result of m s has large statistical uncertainly, but it is consistent with the experiment data and the result of the other groups. Besides the statistical error, the systematic error from the mass renormalization factor is as large as the statistical one, and contributes substantially to the total uncertainty.
Our prediction of the value of m
M S c
(m c ), 1.290(10)(17) GeV, is plotted in Fig. 9(b) to compare with those of ALPHA [13] , HPQCD [7] and ETMC [12] . Considering the fact that HPQCD used O(500) configurations per ensemble and that only O(50 -100) per ensemble are used in this work, the difference in precision between the results of HPQCD and this work reflects the different statistics to a certain extent.
C. Charmonium spectrum
Having determined the charm quark mass, we can predict the charmonium spectrum with the J/ψ mass used as input.
There is a long story regarding the mass of η c in experiment and lattice calculation. In experiment, BELL [31] and BES [29] obtained a value smaller than 2980 MeV about 10 years ago, while the BaBar result is around 2983 MeV. At present, all of their results [33] [34] [35] are consistent with each other in the range 2982-2986, and the PDG average of the η c mass is 2983.7(7) [25] .
In quenched lattice calculations, the hyperfine splitting result, namely the mass difference between J/ψ and η c , are much smaller than the physical value, only around 50-90 MeV, such as in Ref. [36] [37] [38] [39] . Such a difference is understood to be due to the effects of the shift of the coupling constant in a quenched simulation [40] . A recent lattice result [42] shows that the dynamical simulation could actually get a value close to experiment. At the same time, Ref. [41] shows that without the disconnected charm diagram of the correlation function, the hyperfine splitting will decrease by a few MeV. So the correct lattice prediction of the hyperfine splitting should be slightly larger than the physical value for a dynamical simulation without the disconnected charm diagram. Our prediction of the value of the hyperfine splitting of charmonium, 112(5)(1) MeV, is plotted in Fig. 10 to compare with experiment and other lattice results based on 2+1 flavor configurations.
As mentioned in the beginning of Sec. III, we fit the hyperfine splitting instead of the mass of η c , and list it and its statistical and systematic uncertainty in Table VIII . In addition, Table VIII also shows results for the mass of the P -wave charmonium states which are in good agreement with experiment, and our prediction of f Ds which will be discussed in the next section. For a pseudoscalar (PS) meson, its decay constant f P S is defined through the hadronic matrix element
with p µ the momentum of the PS meson. Using the Ward identity of the partially conserved axial current (PCAC) [43] , the decay constant f P S could be also obtained by
with M P S being the mass of the PS meson. In a lattice simulation, the renormalization of the vector/axial-vector current is not equal to unity. So the f P S obtained from Eq. (29) requires the axial-vector renormalization factor to get the physical result:
On the other hand, the scalar current and mass renormalization involved in Eq. (30) are canceled (Z P S Z m ≡ 1).
This makes the f Ds from Eq. (30) free of the renormalization.
In this work, we construct four kinds of correlation functions
to improve the precision of f Ds . Combining the results of these four correlation functions, we can get two kinds of matrix elements 0|sγ µ γ 5 c|D s and 0|sγ 5 c|D s required in Eq. (31) and Eq. (30), and then obtain f Ds . The vector/axial-vector renormalization factor required in Eq. (31) is 1.111(6) for the β = 2.13 lattice and 1.086(2) for the β = 2.25 lattice, as in Ref. [14] . We found that the average of two f P S (256(5)(2)) obtained from Eq. (31) and (30) provides consistent prediction comparing to the ones of the f P S obtained from these two equations separately (257(5)(3) and 254(4)(4)), while the χ 2 /d.o.f of the averaged f P S is smaller (1.0 for the averaged case vs 1.3 for the two separated cases). The final result is listed in Table VIII. It is interesting to show the charm/strange quark mass dependence of the f Ds in Fig. 11 , in which the dependence of the charm quark mass is much stronger than that of the strange quark mass, when the other quark mass is fixed around the physical point.
The uncertainty of our prediction of f Ds mostly comes from the statistical error (about 2%), and the systematic error from the mismatch of strange sea quark mass and its physical values is around 1%. The effects from the other systematic errors are smaller than 0.5%.
The comparison with other results of f Ds is illustrated in Fig. 12 .
IV. CONCLUSIONS
In this work, we used six ensembles of the gauge configurations with the domain wall sea quark from RBC-UKQCD Collaboration, which include two lattice spacings each with three different light sea quark masses, to do the simulation for the spectrum ofcs andcc. With the global fit scheme, we can determine the charm/strange quark masses and Sommer scale using input from three physical quantities, M D * (0.48 (1)). With the r 0 obtained here, the lattice spacing of the β=2.13 and 2.25 ensembles are 0.112(3) and 0.084(2) fm respectively (or 1.78(5) and 2.36(6) GeV 
with the charm quark mass running to the on-shell scale from our former result at 2 GeV following the framework in Ref. [44] . Both the strange and charm masses are consistent with their PDG averages [25] which includes calculations from the lattice simulation. For the hyperfine splitting, our result ∆ HFS,cc = 112(5)(3)MeV (35) is in agreement with the PDG average of 113.7(7) MeV [25] . Considering the possible effect of the disconnected diagram (∼1-4 MeV) [41] , our prediction could be smaller by one sigma. Besides the hyperfine splitting, we also check the mass spectrum of the P-wave mesons, M χc0 =3.408(47) GeV, M χc1 =3.496(49) GeV, and M hc =3.518(29) GeV. All of them are in agreement with experimental results 3.4148(3) GeV, 3.5107(1) GeV and 3.5254(2) GeV, within one sigma. Another important prediction in this work is that of f Ds . Our result f Ds = 256(5)(2)MeV (36) is in agreement with experiment at 258(6) MeV, and other lattice simulations and phenomenology calculation. The ratio of our results for various quantities to their corresponding PDG averages [25] are plotted in Fig. 13 , to provide a direct comparison of their consistency. The calculation in this work is based on configurations at two lattice spacings. We still need ensembles with at least one more lattice spacing to access the full O(a 4 ) errors, and lighter sea quark masses closer to those of the physical ones, to confirm their systematic effects. Besides that, the systematic error from the strange sea quarks being not at the physical point and disconnected charm diagram, could have a better estimate. 
